Abstract. Let X be a compact connected CR manifold of dimension 2n + 1, n ≥ 1. Let X be a paracompact CR manifold with a transversal CR S 1 -action, such that there is a discrete group Γ acting freely on X having X = X/Γ. Based on an asymptotic formula for the Fourier components of the heat kernel with respect to the S 1 -action, we establish the Morse inequalities for Fourier components of reduced L 2 -Kohn-Rossi cohomology with values in a rigid CR vector bundle over X. As a corollary, we obtain the Morse inequalities for Fourier components of Kohn-Rossi cohomology on X which were obtained by by using Szegö kernel method. Now we formulate the main results. We refer to other sections for notations and definitions (see Definition 2.1, 2.2, 2.3, 2.5 and (3.1), (3.25)) used here. Let X be a compact connected CR manifold of dimension 2n + 1, n ≥ 1 with a transversal CR S 1 -action e iθ on X. For x ∈ X, we say that the period of x is
Introduction and statement of the results
Gromov-Henkin-Shubin [10, Theorem 0.2] considered covering manifolds that are strongly pseudoconvex of complex manifolds and analyzed the holomorphic L 2 -functions on the coverings. Todor-Chiose-Marinescu [20] generalized in a similar manner the Morse inequalities of Siu-Demailly [18, 7] on coverings of complex manifolds. The study of problems on CR manifolds with S 1 -action becomes active recently, see [5, 11, 12, 14, 15] and the references therein. In particular, Hsiao-Li [15] established the Morse inequalities for Fourier components of Kohn-Rossi cohomology on X by using the Szegö kernel method. Inspired by the results of [10, 15, 20, 18, 7] , we establish Morse inequalities for Fourier components of reduced L 2 -Kohn-Rossi cohomology with values in a rigid CR vector bundle on a covering manifold over a compact connected CR manifold with S 1 -action. This generalizes the results of [15] to CR covering manifolds with S 1 -action. We present a proof by the heat kernel method, which is inspired by Bismut's proof [3, 16] of the holomorphic Morse inequalities. The crucial estimate for Fourier components of the heat kernel of Kohn Laplacians was given in [12] . Now we formulate the main results. We refer to other sections for notations and definitions (see Definition 2.1, 2.2, 2.3, 2.5 and (3.1), (3.25)) used here. Let X be a compact connected CR manifold of dimension 2n + 1, n ≥ 1 with a transversal CR S 1 -action e iθ on X. For x ∈ X, we say that the period of x is 2π ℓ , ℓ ∈ N, if e iθ • x = x, for every 0 < θ < X ℓ = x ∈ X; the period of x is 2π ℓ and let (1.2) p = min {ℓ ∈ N; X ℓ = ∅} .
It is well-known that if X is connected, then X p is an open and dense subset of X (see ). Assume X = X p 1 ∪ X p 2 ∪ · · · ∪ X p k , p =: p 1 < p 2 < · · · < p k . Set X reg := X p . We call x ∈ X reg a regular point of the S 1 action. Let X sing be the complement of X reg .
Let X be a paracompact CR manifold, such that there is a discrete group Γ acting freely on X having X = X/Γ. Let π : X → X be the natural projection with the pull-back map π * : T X → T X. Then X admits a pull-back CR structure T 1,0 X := π * T 1,0 X and, hence, a CR manifold. We assume that X admits a transversal CR locally free S 1 action, denote by e iθ . We further assume that the map Γ × X → X, (γ, x) → γ • x, ∀ x ∈ X, ∀γ ∈ Γ.
is CR, see (2.6) , and
Let E := π * E be the pull-pack bundle of a rigid CR vector bundle E over X. Then E is a Γ-invariant rigid CR vector bundle over X. We denote by X reg the set of regular points of the S 1 -action on X. Note that since Γ acts on X freely so that X/Γ = X, hence, we have X reg /Γ = X reg = X p . We denote by X(q) a subset of X such that X(q) := {x ∈ X : L x has exactly q negative eigenvalues and n − q positive eigenvalues} .
We refer to Section 2 for more details. Our main theorem is the following Theorem 1.1. With the above notations and assumptions, as m → ∞, for q = 0, 1, · · · , n, the m-th Fourier components of reduced L 2 -Kohn-Rossi cohomology (see (3.25) ) satisfy the following strong Morse inequalities
where r denotes the rank of E, dim Γ denotes the Von Neumann dimension (see §2.3 in the below, [16, §3.6 .1] or [1, §3] ) and L x is the Levi form at x ∈ X. When p | m, q = n, as m → ∞, we have the asymptotic Riemann-Roch-Hirzebruch theorem
In particular, we get the weak Morse inequalities
By the standard argument in [15] or [13] , we deduce easily the following Grauert-Riemenschneider criterion on coverings of CR manifolds. Corollary 1.2. With the above notations and assumptions in Theorem 1.1, we assume also that X is weakly pseudoconvex and strongly pseudoconvex at a point. Then
When Γ = {e}, p = 1 and E is trivial line bundle, we deduce the following 
where L x is the Levi form at x ∈ X. In particular, we get the weak Morse inequalities
Let X be a compact CR manifold of dimension 2n + 1, n ≥ 1. A classical theorem due to Boutet de Monvel [4] asserts that X can be globally CR embedded into C N , for some N ∈ N, when X is strongly pseudoconvex with dimension n ≥ 5. Epstein [8] proved that if X is strongly pseudoconvex with dimension 3 and a global free transversal CR S 1 -action, then X can be embedded into C N by positive Fourier components of CR functions. Corollary 1.3 guarantees the abundance of positive Fourier components of CR functions to do embedding in general cases (e.g. the S 1 -action can be only locally free). In [15] , the authors' proofs include localization of analytic objects (eigenfunctions, Szegö kernels), Kohn This paper is organized as follows. In Section 2 we introduce some basic notations, terminology and definitions. In Section 3 we study the asymptotic behavior of heat kernels of Kohn Laplacians. Section 4 is devoted to the heat kernel proof of the main theorem.
Preliminaries
2.1. Some standard notations. We use the following notations: N = {1, 2, . . .}, N 0 = N ∪ {0}, R is the set of real numbers, R + := {x ∈ R; x > 0}, R + := {x ∈ R; x ≥ 0}. For a multiindex α = (α 1 , . . . , α n ) ∈ N n 0 we set |α| = α 1 + · · · + α n . For x = (x 1 , . . . , x n ) we write
. . , n, be coordinates of C n . We write
∞ orientable paracompact manifold. We let T X and T * X denote the tangent bundle of X and the cotangent bundle of X, respectively. The complexified tangent bundle of X and the complexified cotangent bundle of X will be denoted by CT X and CT * X, respectively. We write · , · to denote the pointwise duality between T * X and T X. We extend · , · bilinearly to CT * X × CT X. For u ∈ CT * X, v ∈ CT X, we also write u(v) := u , v .
Let Y ⊂ X be an open set. The spaces of smooth sections of E over Y and distribution sections of E over Y will be denoted by C ∞ (Y, E) and D ′ (Y, E), respectively.
2.2. CR manifolds with S 1 -action. Let (X, T 1,0 X) be a compact CR manifold of dimension 2n+1, n ≥ 1, where T 1,0 X is a CR structure of X. That is, T 1,0 X is a subbundle of rank n of the complexified tangent bundle CT X, satisfying
We assume that X admits a S 1 action: S 1 × X → X. We write e iθ to denote the S 1 action. Let T ∈ C ∞ (X, T X) be the global real vector field induced by the S 1 action given by (T u)(
Definition 2.1. We say that the
Moreover, we say that the S 1 action is locally free if T = 0 everywhere.
Note that if the S 1 action is transversal, then it is locally free. We assume throughout that (X, T 1,0 X) is a connected CR manifold with a transversal CR S 1 action e iθ and we let T be the global vector field induced by the S 1 action. Let ω 0 ∈ C ∞ (X, T * X) be the global real one form determined by ω 0 , u = 0, for every u ∈ T 1,0 X ⊕ T 0,1 X and ω 0 , T = −1. Denote by T * 1,0 X and T * 0,1 X the dual bundles of T 1,0 X and T 0,1 X, respectively. Define the vector bundle of (0, q) forms by 
denote the differential map of e iθ 0 : X → X. By the CR property of the S 1 action, we can check that
be the pull-back map by e iθ 0 , j = 0, 1, . . . , 2n + 1. From (2.1), it is easy to see that for every q = 0, 1, . . . , n,
For every θ ∈ R and every
be the tangential Cauchy-Riemann operator. From the CR property of the S 1 action, it is straightforward to see that Definition 2.6. Let F be a complex rigid vector bundle over X and let · | · F be a Hermitian metric on F . We say that · | · F is a rigid Hermitian metric if for every rigid local frames
It is known that there is a rigid Hermitian metric on any rigid vector bundle F (see Theorem 2.10 in [5] and Theorem 10.5 in [11] ). Note that Baouendi-Rothschild-Treves [2] proved that T 1,0 X is a rigid complex vector bundle over X. From now on, let E be a rigid CR vector bundle over X and we take a rigid Hermitian metric · | · E on E and take a rigid Hermitian metric · | · on CT X such that
The Hermitian metrics on CT X and on E induce Hermitian metrics · | · and · | · E on T * 0,• X and T * 0,• X ⊗ E, respectively. We denote by dv X = dv X (x) the volume form on X induced by the fixed Hermitian metric · | · on CT X. Then we get natural global L 2 inner products (
We also write ∂ b to denote the tangential Cauchy-Riemann operator acting on forms with values in E:
Since E is rigid, we can also define T u for every u ∈ Ω 0,q (X, E) and we have 2.3. Covering manifolds, Von Neumann dimension. Let (X, T 1,0 X) be a compact CR manifold of dimension 2n + 1, n ≥ 1. Let X be a paracompact CR manifold, such that there is a discrete group Γ acting freely on X having X = X/Γ. Let π : X → X be the natural projection with the pull-back map π * : T X → T X. Then X admits a pull-back CR structure T 1,0 X := π * T 1,0 X and, hence, a CR manifold. We assume that X admits a transversal CR locally free S 1 action, denoted by e iθ . We further assume that the map
is CR, i.e.
It is easy to see that the S 1 -action e iθ on X induces a transversal CR locally free S 1 action, also denoted by e iθ . We denote by T := π * T the pull-back one form on X, then T is the global real vector field induced by the S 1 -action on X. Let ω 0 := π * ω 0 be the pull-back one form on X, where ω 0 is the global real one form on X as defined in Subsection 2.2. Then, for p ∈ X, the Levi form L p is the Hermitian quadratic form on T
where
. Let E be a rigid CR vector bundle over X, then E := π * E is a Γ-invariant rigid CR vector bundle over X. Again let Ω 0,q ( X, E) denote the space of smooth sections of
and Ω 0,q ( X) with respect to the corresponding pull-back metrics ( · | · ) E and ( · | · ). Similarly, we denote by
and Ω 0,• ( X) with respect to the corresponding pull-back metrics ( · | · ) E and ( · | · ).
As usual, for every m ∈ Z, let Recall that U ⊂ X is called a fundamental domain of the action of Γ on X if the following conditions hold:
We 
is the fundamental domain we want.
It is easy to see that
We then have a unitary action of Γ by left translations on L 2 Γ by t γ δ η = δ γη , where {δ η : η ∈ Γ} is the orthonormal basis of L 2 Γ formed by the delta functions. It induces a unitary action of Γ on
We shall denote by L (A) the space of bounded operators of the Hilbert space H. Let A Γ ⊂ L (L 2 Γ) be the algebra of operators which commute with all left translations and denote the unit element of Γ by e. We define
In addition, if A ∈ A Γ and A is positive, then a γη = a e,γ −1 η and
Asymptotic expansion of heat kernels of Kohn Laplacians
In this section, we recall the definition of heat kernels. Then we give a new version of asymptotic expansions of heat kernels of Kohn Laplacians.
Asymptotics of heat kernels of Kohn Laplacians on a compact CR manifold.
Since T ∂ b = ∂ b T and E is a rigid CR vector bundle with a rigid Hermitian metric, we have
The m-th Fourier component of Kohn-Rossi cohomology is given by
We also write ∂ *
to denote the formal adjoint of ∂ b with respect to ( · | · ) E . Since · | · E and · | · are rigid, we can check that
Now, we fix m ∈ Z. The m-th Fourier component of Kohn Laplacian is given by
where 
† denotes the linear map:
be the continuous operator with distribution kernel e −t b,m (x, y). We denote byṘ the Hermitian matrixṘ ∈ End(T 1,0 X) such that for V, W ∈ T 1,0 X,
Let {ω j } n j=1 be a local orthonormal frame of T 1,0 X with dual frame {ω j } n j=1 . Set
where ι ω j denotes the interior product of ω j . Then γ d ∈ End(T * 0,• X) and −idω 0 acts as the derivative γ d on T * 0,• X. If we choose {ω j } n j=1 to be an orthonormal basis of T 1,0 X such that
Define detṘ(x) := a 1 (x) · · · a n (x). Fix x, y ∈ X. Let d(x, y) denote the standard Riemannian distance of x and y with respect to the given Hermitian metric. Take ζ o < ζ < inf 2π
The following result generalizes Theorem 3.1 in [12] . 
Proof. We use the notations from Section 3 in [12] . Recall that Γ m is defined in [12, (3.31) ] (see also (3.29)). For x ∈ X reg , we have 11) where H j,m is defined in [12, (3.30) ] (see also (3.29)). From [12, (3.29) , (3.34)] and [5, (6.4) ], there are ε 0 > 0 and C 0 independent of j, x, m, t such that, for all t ∈ R + and for all m ∈ N, we have
Then the proof is completed by applying [12, (3.32) , (3.39)] and (3.12).
Remark 3.3. It is easy to check that
BRT trivializations.
To prove Theorem 3.2, we need some preparations. We first need the following result due to Baouendi-Rothschild-Treves [2] .
Theorem 3.4. For every point x 0 ∈ X, we can find local coordinates
where Z j (x), j = 1, · · · , n, form a basis of T 1,0
By using BRT trivialization, we get another way to define T u, ∀u ∈ Ω 0,q (X). Let (D, (z, θ), ϕ) be a BRT trivialization. It is clear that
Then, on D, we can check that
and T u is independent of the choice of BRT trivializations. Note that, on BRT trivialization (D, (z, θ), ϕ), we have
3.3. Local heat kernels on BRT trivializations. Until further notice, we fix m ∈ Z. Let B := (D, (z, θ), ϕ) be a BRT trivialization. We may assume that D = U×] − ε, ε[, where ε > 0 and U is an open set of C n . Since E is rigid, we can consider E as a holomorphic vector bundle over U. We may assume that E is trivial on U. Consider a trivial line bundle L → U with non-trivial Hermitian fiber metric |1|
and Ω 0,q (U, E) be the spaces of (0, q) forms on U with values in E ⊗ L m and E, respectively, q = 0, 1, 2, . . . , n. Put
Since L is trivial, from now on, we identify Ω 0,
Since the Hermitian fiber metric · | · E is rigid, we can consider · | · E as a Hermitian fiber metric on the holomorphic vector bundle E over U. Let · , · be the Hermitian metric on CT U given by
· , · induces a Hermitian metric on T * 0,• U := ⊕ n j=0 T * 0,j U, where T * 0,j U is the bundle of (0, j) forms on U, j = 0, 1, . . . , n. We shall also denote this induced Hermitian metric on T * 0,• U by · , · . The Hermitian metrics on T * 0,• U and E induce a Hermitian metric on T * 0,• U ⊗ E. We shall also denote this induced metric by
Let {w j } n j=1 be a local orthonormal frame of T 1,0 U with dual frame {w j } n j=1 . Set (3.18)
where ι w j denotes the interior product of w j . Let
be the Cauchy-Riemann operator and let
be the formal adjoint of ∂ with respect to ( · , · ) m . Put
We need the following result (see Lemma 5.1 in [5] )
We write |T (z, w)| to denote the standard pointwise matrix norm of
. We write G(t) to denote the continuous operator
and we write G ′ (t) to denote the continuous operator
We consider the heat operator of B,m . By using the standard Dirichlet heat kernel construction (see [9] ) and the proofs of Theorem 1.6.1 and Theorem 5.5.9 in [16] , we deduce the following
and A B,m (t, z, w) satisfies the following:
, there are constants C α 1 ,α 2 ,β 1 ,β 2 ,K > 0 and ε 0 > 0 independent of t and m such that 
Here we use the con-
be the Gaffney extension of the pull-back Kohn Laplacian on X. By a result of Gaffney, b is a positive self-adjoint operator (see Proposition 3.1.2 in Ma-Marinescu [16] ). That is, b is self-adjoint and the spectrum of b is contained in R + . Now, we fix m ∈ Z. As in (3.3) , we introduce the m-th Fourier component of the Kohn Laplacian b,m on Ω 0,• m ( X, E). We can easily see that b,m is also self-adjoint. By the second isomorphism of (2.10), we can see that, for any γ ∈ Γ,
Consider the spectral resolution E 
Proof. By (2.10) and (3.24), we can see that, for any λ ∈ R, E q λ ( b,m ) commutes with Γ. We claim that b,m − T 2 ≡ ∆ is a second order elliptic operator, so is ∆ − m 2 . Its principal symbol is locally written as
where ξ = (ξ 1 , ..., ξ 2n , ξ 2n+1 ) and {L j } is an orthonormal basis of T 
Using the uniform Sobolev spaces [19, pp. 511-512] , it is easy to see that Im(
is also linear continuous. By Schwartz kernel theorem, the kernel E λ ( b,m )( x, x) of E λ ( b,m ) with respect to dv X ( x) is smooth. By [16, (3.6.12) 
where [V ] denotes the closure of the space V .
We can easily obtain the following weak Hodge decomposition By (3.26) , we the the isomorphism
Proposition 3.10. For any t 0 > 0, ε > 0 and any γ ∈ Γ, j = 1, 2, · · · , N, there exists C > 0 such that for any z ∈ U γ,j , m ∈ N, t > t 0 ,
From (3.11) (see (3.31) in [12] ), (3.28), (3.29), Proposition 3.10 and the fact that ψ γ,j = ψ j •π, we can easily deduce that Lemma 3.11. With the above notations and assumptions as in Theorem 3.9, we have
From Theorem 3.9, Lemma 3.11 and Theorem 3.5 of [12] , we have 
By Theorem 3.2 and Theorem 3.12, we have 
Recall that since Γ acts on X freely so that X/Γ = X, hence, we have X reg /Γ = X reg .
Heat kernel proof
In this section, we will present the heat kernel proof of the main theorem. We denote by Tr Γ,q the Γ-trace of operators acting on L Lemma 4.1. For any t > 0, m ∈ N, 0 ≤ q ≤ n, we have
with equality for q = n.
, where λ 2 > λ 1 ≥ 0. Then, by the Hodge decomposition (3.26), where the function X(q) is defined by 1 on X(q), 0 otherwise. As usual, for x ∈ X, π( x) = x ∈ X. It follows from Theorem 3.13, | det(L x )|dv X (x) + o(m n ) for p|m.
Then the proof is completed.
